Freydoon Mansouri and I first met during the fall of 1970. I was in the second year of my postdoc at the Enrico Fermi Institute at the University of Chicago, and Freydoon was beginning his first postdoc there just after graduating from Johns Hopkins. As it turned out, I had been studying his work with Gabor Domokos, and when I was given the opportunity to share my office with him, I promptly accepted the offer. Thus began over thirty years of friendship, support, intellectual give-and-take, and warm memories. And a satisfying collaboration that lasted for almost ten years. But even though we went on to work with different collaborators, we both knew that we had established a lasting relationship, and that we could count on each other in times of problems both big and small. I shall miss him.
The precise nature of the geometry is uncertain, but there are clues from a perturbative treatment of strings. For distances large compared to the length scale implied by the string tension, excitations of the system could be described by positions and momenta, at least for energies for which pair creations are expected to be negligible. Perturbative treatments of strings suggest that, concomitant with the non-commutativity in position, the uncertainties in position and momenta are modified to [1] :
which implies ∆x ≥h β ,
so a minimal length is embedded naturally in the system. Note the UV/IR mixing in the uncertainty relation, giving rise to possibilities of effects of short distance phenomena to be present at lower energies.
While the perturbative treatments cannot fix the precise commutation relations among canonical variables, the uncertainty relations suggest some simple forms for these relations.
In what follows, we posit relations for the variables describing the positions and momenta of point particles as an abstraction of the underlying string dynamics which are consistent with these uncertainty relations [2] :
The parameters β and β ′ are relics of the string tension, and should be thought of as the expansion coefficients of expressions that are derivable from string theory. We have chosen to modify the canonical relationships first, as an expansion, and with the supposition that momenta commute, the non-commutativity of the position operators can then be deduced by appeal to the Jacobi identity. The relations are supposed to hold in D-dimensions. It can readily be checked that the operatorsL ij satisfy the algebra of angular momentum.
An underlying assumption we shall be making in what follows is that the correspondence principle applies, and that the dynamical systems continue to be controlled by Hamiltonians that retain their forms unchanged from the limits β = 0 and β ′ = 0. With these caveats, let us first examine how the classical canonical structure gets modified. For definiteness, we will define the classical limit by replacing commutators with the corresponding Poisson brackets:
The modified canonical equations of motion now take the forṁ
and Newton's force equations become
For illustrative purposes, we set β ′ = 0 in the above. For the case of the 1/r 2 gravitational force, the equation points to a breakdown of the equivalence principle [3] .
To get a feel for what is happening, let us specialize to the case of central potentials, with
Hamiltonians given by
where the potential has zero Poisson brackets with L ij . Specifically,
with
As in the normal case, motion occurs in a plane. But, for neither the simple harmonic potential, nor for the Coulomb potential are the orbits closed [4] . For simple harmonic motion, for the simpler case of β ′ = 0, the resultant precession is an advancement, contrary to the normal case, while for the Coulomb force, it is a retardation. We may attempt to place a limit on β through its effect on the orbit of Mercury coming solely from this retardation:
This limit is intended for illustrative purposes only, since modifications on other influences on this orbit have not been included.
The equations of motion do yield a modified Liouville theorem. It can be checked that the following is left invariant during evolution [5] :
Using this volume, we can estimate the corrections to the zero point energy coming from the existence of a minimal length [5] . For β ′ = 0, and D = 3,
Asymptotically,
As expected, the putative cosmological constant is finite, with higher frequencies being quenched by the minimal length. The corresponding effects on blackbody spectra are however quite slight.
We now examine some quantum consequences of the commutation relations posited above.
We will first examine what happens when D = 1. For the sake of concreteness, we will examine the simple harmonic oscillator in 1-dimension. In many respects this example is trivial, since the deformed relations can always be recast into the standard form, as we will demonstrate below. Since we are supposing that momentum variables remain commutative, we will work in momentum space throughout. In which case, the following representation reproduces the modified canonical relationship between position and momentum:
Hermiticity requires f |g = dp
The Hamiltonian is taken to beĤ
The resulting Schrödinger equation cannot be easily compared with standard forms. However, it is straightforward to perform a change of variables so that it can be so compared.
We define
The resulting equation now takes the form:
where
The equation resembles that for a particle trapped in a tan 2 x potential, which is much steeper than the harmonic oscillator potential. Using standard techniques, the energy eigenvalues are given by
The dependence on n 2 is reminiscent of the eigenvalues for a square well potential, and is reflective of the steeper rise of the transformed potential. Note that there is no dependence on the central parameter γ in the eigenvalues. The eigenfunctions are Gegenbauer polynomials [6] . The results are in agreement with those obtained by Kempf [2] .
All of these can be generalized to D-dimensions. However, the non-commutativity of the position variables now plays a more important role, and it is not possible to handle general potentials in a straightforward manner. We begin by noting the momentum space representation for the position operator:
Hermiticity requires
For general potentials, the resultant Schrödinger equation is quite complicated. For central potentials, the existence of the angular momentum operator, and the resultant conservation enables us to separate variables, just as in the conventional case.
The radial equation can now be analyzed by adapting the methods described above. In this fashion, we obtain that in D-dimensions, the simple harmonic oscillator eigenvalues are given by
Once again, there is no dependence on γ. The corresponding eigenfunctions are given by Jacobi polynomials. Note that the accidental degeneracies are now lifted, and there is only the degeneracy associated with rotational symmetry. We should not be too surprised by this result of course, given that the classical orbits are not closed, and there are no RungeLenz vectors that we can define. In Ref. [6] , we examined the effects of such deviations on oscillations of electrons in Penning traps. The effects are unfortunately quite small [6] .
We might expect that a better bound on the minimal lengths and their associated effects might show up clearer in the many precision measurements associated with the Coulomb system. Knowledge of the Coulomb system, in addition, could provide ways for how spin is incorporated in the presence of minimal lengths.
We have looked for the general solutions for the 3-D hydrogen atom, but have not been 
The associated eigenfunctions are Jacobi polynomials. We can compare the numerical results 
Here, m is the electron mass, and a is the Bohr radius. It agrees very well indeed with the numerical results, and also agrees with an earlier result of Brau in the special case when β = 2β ′ . The formula contains a singularity when ℓ = 0. The perturbation result is then critically dependent upon the form of the wavefunction at the origin. The minimal length hypothesis suggests that this behavior must be modified, perhaps with a cut-off on the integration consistent with the minimal eigenvalue forr 2 noted above. The result is then consistent with the numerical results. For further details, see Ref. [8] .
